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COHEN-MACAULAYNESS WITH RESPECT TO SERRE CLASSES
MOHSEN ASGHARZADEH ANDMASSOUD TOUSI
ABSTRACT. Let R be a commutative Noetherian ring. The notion of regular sequences
with respect to a Serre class of R-modules is introduced and some of their essential prop-
erties are given. Then in the local case, we explore a theory of Cohen-Macaulayness with
respect to Serre classes.
1. INTRODUCTION
The concept of almost vanishing has been studied by a number of authors, see [GR]
and [RSS]. They introduced along the way the notion of almost zero modules in two
different ways over not necessarily Noetherian rings. We do not require to give the defi-
nition of the almost zero modules, but we list here two basic properties of them:
(i) for any exact sequence of A-modules
0 −→ M′ −→ M −→ M′′ −→ 0,
the module M is almost zero if and only if each of M′ and M′′ is almost zero, and
(ii) if {Mi} is a directed system consisting of almost zeromodules, then its direct limit
lim−→
i
Mi is almost zero.
A subclass of the class of all modules is called a Serre class, if it is closed under taking
submodules, quotients and extensions. A serre class which is closed under taking direct
limit of any direct system of its objects is called torsion theory, see [St]. So, the class of
almost zero modules is a torsion theory.
In view of [RSS, Definition 1.2], a sequence x := x1, . . . , xr of elements of a certain ring
A is called almost regular sequence, if the A-module ((x1, . . . , xi−1) :A xi)/(x1, . . . , xi−1)A
is almost zero, for each i = 1, . . . , r. If every system of parameters for A is an almost regu-
lar sequence, A is said to be almost Cohen-Macaulay. We refer the reader to [RSS, Propo-
sition 1.3] for a connection between this definition and the monomial conjecture. These
observations motivates us to introduce a new generalization of the notions of regular
sequences and Cohen-Macaulay modules by using Serre classes. In fact, we do this by
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replacing the class of almost zero modules with an arbitrary Serre class of modules. It is
worth pointing out that some of the existing generalizations of Cohen-Macaulayness can
be viewed as the special cases of our definition. More precisely, consider the following
two examples.
Let (R,m) be a Noetherian local ring and M a finitely generated R-module. Consider
the torsion theory T0 := {N ∈ R-Mod| SuppR N ⊆ SuppR(R/m)}, where R-Mod is
the category of R-modules and R-homomorphisms. In the literature, the concept of
M-sequence with respect to T0 is called M-filter regular sequence, see [CST] and [SV].
Cuong et al. introduced the notion of f-modules in [CST]. They studied modules called
f-modules satisfying the condition that every system of parameters is a filter regular se-
quence, see [CST]. Now, consider the torsion theory T1 := {N ∈ R-Mod|dimN ≤ 1}.
The concept ofM-sequencewith respect to T1 is called generalized filter regular sequence
onM. This notion, as a generalization of the notion of filter sequences, was first appeared
in [N]. Following [N], the concept of generalized f-modules introduced in [NM]. An R-
module M is called a generalized f-module, if every system of parameters for M is a gen-
eralized filter regular sequence. Thus our theory will include the notions of f-modules
and generalized f-modules.
Throughout this paper, R is a commutative Noetherian ring, a an ideal of R and M an
R-module. Always, ”S” stands for a Serre class.
In Section 2, we introduce the notion of weak M-sequenceswith respect to a Serre class
S . We define the S −C. gradeR(a,M) as the supremum length of weakM-sequenceswith
respect to S in a. After summarizing some results, we characterize S − C. gradeR(a,M)
via some homological tools such as Ext-modules, Koszul complexes and local cohomol-
ogy modules. This provides a common language for expressing some results concerning
several type of sequences that have been appeared in different papers.
Let (R,m) be a Noetherian local ring and M a finitely generated R-module. We say
that M is S-Cohen-Macaulay, if every system of parameters for M is a weak M-sequence
with respect to S . In Section 3, we exhibit some of the basic properties of S-Cohen-
Macaulay modules. Some connections between the notions of S-Cohen-Macaulayness
and Cohen-Macaulayness are given. We show that most of the remarkable properties
of Cohen-Macaulay modules remain valid for S-Cohen-Macaulay modules. Especially,
they behave well with respect to flat extensions, annihilators of local cohomology mod-
ules, non Cohen-Macaulay locus and quotient by weak sequences with respect to the
Serre class S .
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2. GRADE OF IDEALS WITH RESPECT TO SERRE CLASSES
Let S be a subcategory of the category of R-modules and R-homomorphisms. Then S
is said to be a Serre class (or Serre subcategory), if for any exact sequence of R-modules
0 −→ L −→ M −→ N −→ 0,
the R-module M belongs to S if and only if each of L and N belongs to S . In the case S
is subclass of finitely generated R-modules, the following may be useful.
S is Serre class if and only if the following conditions are satisfied by S :
(i) the kernel (resp. the cokernel) of every morphism of objects of S is also in S , and
(ii) for any exact sequence 0 −→ L −→ M −→ N −→ 0, if both L and N are objects
of S , then so is M.
For the proof see, [T, Corollary 3.2].
The key to the work in this paper is given by the following easy lemma.
Lemma 2.1. Let M be a finitely generated R-module and K an R-module. Then the following
hold:
(i) M ∈ S if and only if R/p ∈ S , for all p ∈ SuppM. In particular, for any two finitely
generated R-modules N, L with SuppR N = SuppR L, we have N ∈ S if and only if
L ∈ S .
(ii) If S is closed under taking direct sums, then K ∈ S if and only if R/p ∈ S , for all
p ∈ SuppK. In particular, for any two R-modules N, L with SuppR N = SuppR L, it
follows that N ∈ S if and only if L ∈ S .
Proof. (i) Without loss of generality we can assume that M 6= 0. First, assume that
M ∈ S . Let p ∈ SuppR M. So there exists m ∈ M such that (0 :R m) ⊆ p. Since
R/(0 :R m) ∼= Rm ⊆ M, it turns out that R/(0 :R m) ∈ S . From the natural epimorphism
R/(0 :R m) −→ R/p, we get R/p ∈ S .
Now we prove the converse. There is a chain
0 = M0 ⊆ M1 ⊆ · · · ⊆ Mℓ = M
of submodules of M such that for each j, Mj/Mj−1 ∼= R/p for some p ∈ SuppM. By
using short exact sequences the situation can be reduced to the trivial case ℓ = 1.
(ii) Since S is closed under taking direct limits, we can assume that K is a finitely
generated R-module. The remainder of the proof is similar to (i). 
Definition 2.2. Let M be an R-module. A sequence x := x1, . . . , xr of elements of R
is called a weak M-sequence with respect to S if for each i = 1, . . . , r the R-module
((x1, . . . , xi−1) :M xi)/(x1, . . . , xi−1)M belongs to S . If in addition M/xM /∈ S , we say
that x is an M-sequence with respect to S .
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Notation. For an R-module L, we denote {p ∈ SuppR L|R/p /∈ S} by S − SuppR L
and {p ∈ AssR L|R/p /∈ S} by S −AssR L.
In order to exploit Lemma 2.1 and Definition 2.2, we give the relation between regular
sequences with respect to S and ordinary regular sequences.
Lemma 2.3. Let M be a finitely generated R-module and x := x1, . . . , xr a sequence of elements
of R. Then the following conditions are equivalent:
(i) xi /∈ ⋃p∈S−AssR M/(x1,··· ,xi−1)M p for all i = 1, · · · , r.
(ii) The sequence x1, . . . , xr is a weak M-sequence with respect to S .
(iii) For any p ∈ S − SuppR(M), the elements x1/1, . . . , xr/1 of the local ring Rp form a
weak Mp-sequence.
(iv) The sequence xn11 , · · · , xnrr is a weak M-sequence with respect to S for all positive integers
n1, · · · , nr.
Proof. (i)⇒ (ii) Let 1 ≤ i ≤ r. In view of Lemma 2.1, it is enough to show that {R/p :
p ∈ SuppR((x1, . . . , xi−1)M :M xi)/(x1, . . . , xi−1)M} ⊆ S . To establish this, suppose
on the contrary that, there is p ∈ SuppR((x1, . . . , xi−1)M :M xi)/(x1, . . . , xi−1)M) such
that R/p /∈ S . So there exists q ∈ AssR((x1, . . . , xi−1) :M xi)/(x1, . . . , xi−1)M, which is
contained in p. The natural epimorphism R/q −→ R/p and the condition R/p /∈ S imply
that R/q /∈ S . Since q ∈ S −AssR(M/(x1, . . . , xi−1)M) and xi ∈ q, we get a contradiction.
(ii) ⇒ (iii) This implication is an immediate consequence of Lemma 2.1.
(iii) ⇒ (i) Assume that p ∈ S − AssR(M/(x1, . . . , xi−1)M), for some i = 1, . . . , r.
Then p ∈ S − SuppR(M) and pRp ∈ AssRp(Mp/(x1/1, . . . , xi−1/1)Mp). Hence by our
assumptions we have xi/1 /∈ pRp. Consequently xi /∈ p.
(iii) ⇔ (iv) is clear. 
Now, we establish a preliminary lemma.
Lemma 2.4. Let x := x1, . . . , xr be a weak M-sequence with respect to S in a. Then the following
hold:
(i) ExtiR(R/a,M) ∈ S for all 0 ≤ i ≤ r− 1.
(ii) ExtrR(R/a,M) /∈ S if and only if HomR(R/a,M/xM) /∈ S .
Proof. (i) Let 0 ≤ i ≤ r − 1 and p ∈ SuppR(ExtiR(R/a,M)). Assume that R/p /∈
S . We have p ∈ SuppR(M). By the implication ii) ⇒ iii) of Lemma 2.3, the elements
x1/1, . . . , xr/1 of the local ring Rp form a weak Mp-sequence. Therefore Ext
i
R(R/a,M)p
∼=
ExtiRp(Rp/ap,Mp) = 0, which is a contradiction. So R/p ∈ S . Now Lemma 2.1 implies
that ExtiR(R/a,M) ∈ S .
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(ii) Let p ∈ S − SuppR(M). By Lemma 2.3, the elements x1/1, . . . , xr/1 of the local ring
Rp form a weak Mp-sequence. Therefore Ext
r
Rp(
Rp
aRp
,Mp) ∼= HomRp(Rp/aRp,Mp/xMp).
This shows that S − SuppR(ExtrR(R/a,M)) = S − SuppR(HomR(R/a,M/xM)). Hence
the desired result follows from Lemma 2.1. 
Let a be an ideal of the ring R. Suppose y := y1, · · · , yr is a system of generators of a.
We denote the Koszul complex of y by K•(y). For an R-module M, the Koszul complex
with coefficient in M, is defined by K•(y,M) := Hom(K•(y),M).
We need the following lemma in Definition 2.6 below. The symbol N0 will denote the
set of non-negative integers.
Lemma 2.5. Let a be an ideal of the ring R and M an R-module. Suppose that y := y1, · · · , yr
is a system of generators of a. The notion inf{i ∈ N0|Hi(K•(y,M)) /∈ S} does not depend on
the choice of the generating sets of a.
Proof. Let x := x1, · · · , xs be another generating set for a. Set x′ := x1, · · · , xs, y1, · · · , yr.
In view of [BH, Proposition 1.6.21], H•(x′,M) ∼= H•(x,M)⊗R∧ Rr. ThereforeHi(x′,M) ∈
S if and only if Hi(x,M) ∈ S , since ∧ Rr is a finitely generated free R-module. Set
n = r+ s. Thus the symmetry of Koszul cohomology and Koszul homology implies that
Hn−i(K•(x′,M)) ∈ S if and only if Hn−i(K•(x,M)) ∈ S , see [BH, Proposition 1.6.10(d)].
Set y′ := y1, · · · , yr, x1, · · · , xs. By the same reason we have Hn−i(K•(y′,M)) ∈ S if and
only Hn−i(K•(y,M)) ∈ S . The claim becomes clear from the fact that Koszul complex
K•(y′,M) is invariant (up to isomorphism) under permutation of y′. 
Definition 2.6. Let M be an R-module and a an ideal of R. Let x := x1, · · · , xs be a
generating set for a. The notions of local cohomology grade, Ext grade, Koszul grade and
classical grade of a on M with respect to S , are defined, respectively as follows:
(i) S − H. gradeR(a,M) := inf{i ∈ N0|Hia(M) /∈ S},
(ii) S − E. gradeR(a,M) := inf{i ∈ N0|ExtiR(R/a,N) /∈ S},
(iii) S − K. gradeR(a,M) := inf{i ∈ N0|Hi(K•(x,M)) /∈ S},
(iv) S − C. gradeR(a,M) := sup{ℓ ∈ N0|y1, · · · , yℓ is a weak M-sequence in a with
respect to S}.
Here inf and sup are formed in Z ∪ {±∞} with the convention that inf∅ = +∞ and
sup∅ = −∞.
In the case S = {0}, for simplicity we use the notions K. gradeR(a,M), E. gradeR(a,M)
and H. gradeR(a,M), instead of S − K. gradeR(a,M), S − E. gradeR(a,M) and S −
H. gradeR(a,M).
Proposition 2.7. Let M be a finitely generated R-module. Then the following hold:
(i) S − E. gradeR(a,M) = inf{E. gradeRp(aRp,Mp)|p ∈ S − SuppR(M)}.
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(ii) S − K. gradeR(a,M) = inf{K. gradeRp(aRp,Mp)|p ∈ S − SuppR(M)}.
(iii) If S is closed under taking direct sums, then
S − H. gradeR(a,M) = inf{H. gradeRp(aRp,Mp)|p ∈ S − SuppR(M)}.
Proof. (i) First assume that s := S − E. gradeR(a,M) < ∞. So ExtsR(R/a,M) /∈ S
and ExtiR(
R
a
,M) ∈ S for all 0 ≤ i < s. By using Lemma 2.1(i), ExtiRp( RpaRp ,Mp) = 0 for
all p ∈ S − SuppR(M) and all 0 ≤ i < s. Therefore s ≤ E. gradeRp(aRp,Mp) for all
p ∈ S − SuppR(M). Again by Lemma 2.1(i), R/q /∈ S for some q ∈ SuppR(ExtsR(Ra ,M)).
The fact ExtsRq(
Rq
aRq
,Mq) 6= 0 implies that E. gradeRq(aRq,Mq) ≤ s.
Now, assume that S − E. gradeR(a,M) = ∞. In the case S − SuppR(M) = ∅, we
have nothing to prove. Hence we can assume that S − SuppR(M) 6= ∅. Let p ∈ S −
SuppR(M). Since Ext
i
R(R/a,M) ∈ S for all i ≥ 0, so ExtiRp(Rp/aRp,Mp) = 0 for all i ≥ 0.
Consequently E. gradeRp(aRp,Mp) = ∞.
By the same argument as (i), we can prove (ii) and (iii). Only note that in the case
(iii) we use Lemma 2.1(ii) instead of Lemma 2.1(i), since Hia(M) is not necessary finitely
generated R-module. 
The following is the main result of this section.
Theorem 2.8. Let M be a finitely generated R-module. Then the following hold:
(i) Let x := x1, . . . , xr be a maximal weak M-sequence with respect to S in a. Then r =
S − E. gradeR(a,M).
(ii) S − C. gradeR(a,M) = S − E. gradeR(a,M) = S − K. gradeR(a,M).
(iii) If S is closed under taking direct sums, then S −E. gradeR(a,M) = S −H. gradeR(a,M).
(iv) If M/aM /∈ S , then S − K. gradeR(a,M) < ∞ and all maximal M-sequence with
respect to S in a have a common length.
Proof. (i) Since M is a finitely generated, it follows from the maximality of x and
Lemma 2.3 that a ⊆ p for some p ∈ S −AssR(M/xM). Hence
p ∈ AssR(M/xM) ∩ SuppR(R/a) = AssR(HomR(R/a,M/xM)),
see [BH, Exercise 1.2.27]. Lemma 2.1 implies that HomR(R/a,M/xM) /∈ S . Now, the
conclusion follows from Lemma 2.4.
(ii) The inequality S − C. gradeR(a,M) ≤ S − E. gradeR(a,M), becomes clear by
Lemma 2.4(i). Therefore without loss of generality we can assume that r := S −
C. gradeR(a,M) < ∞. So, the other side inequality follows from (i).
In order to prove the second equality, recall that for all p ∈ S − SuppR(M) we have
E. gradeRp(aRp,Mp) = K. gradeRp(aRp,Mp) see [Str, Theorem 6.1.6]. In view of Proposi-
tion 2.7(i) and (ii) the assertion follows.
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(iii) This follows from Proposition 2.7(iii) and [Str, Proposition 5.3.15], which state that
E. gradeRp(aRp,Mp) = H. gradeRp(aRp,Mp).
(iv) Assume that a can be generated by n elements y := y1, · · · , yr. We have Hn(K(y,M)) ∼=
M/aM /∈ S and consequently S − K. gradeR(a,M) < ∞. So, in view of (i) and (ii) all
maximal M-sequences with respect to S in a have the same length. 
Example 2.9. (i) In Theorem 2.8(iii) the assumption ”S is closed under taking direct sums”
is really need. To see this, let (R,m) be a Cohen-Macaulay local ring of dimension d >
0 and S the Serre class of all finitely generated R-modules. It is easy to see that S −
E. gradeR(m, R) = ∞ 6= d = S − H. gradeR(m, R).
(ii) In Theorem 2.8(ii) the finitely generated assumption on M is necessary. To see
this, let R = K[[x, y]] and set M :=
⊕
0 6=r∈(X,Y) R/rR. By [Str, Page 91], we have
E. gradeR(m,M) = 1 and C. gradeR(m,M) = 0.
We denote the category of R-modules and R-homomorphisms, by R-Mod. For an R-
module L, set T (L) := {N ∈ R-Mod| SuppR N ⊆ SuppR L}. It is easy to see that T (L) is a
Serre class, which is closed under taking direct sums. Such Serre classes are called torsion
theories. In the following proposition we give a characterization of torsion theories over
Noetherian rings.
Proposition 2.10. Let T be a torsion theory. Then T = T (L), for some R-module L.
Proof. Without loss of generality we can assume that T 6= 0. If not, we can take
L = 0. Set L :=
⊕
p∈∑ R/p, where ∑ = {p ∈ SpecR|R/p ∈ T } is a non empty subset
of SpecR. Let N be an R-module. It follows from Lemma 2.1(ii) that N ∈ T if and
only if SuppR N ⊆ ∑. The claim follows from the fact that SuppR N ⊆ ∑ if and only if
N ∈ T (L). 
Let (R,m) be a local ring and set T (R/m) := {N ∈ R-Mod| SuppR N ⊆ SuppR(R/m)}.
In the literature, the concept of M-sequence with respect to T (R/m) is called M-
filter regular sequence and the maximal length of such sequences in a is denoted by
f − depthR(a,M), see [CST] and [Mel2]. The following corollary can be found in [LT,
Proposition 3.2], [LT, Theorem 3.9], [LT, Theorem 3.10] and [Mel1, Theorem 5.5].
Corollary 2.11. Let (R,m) be a local ring and M a finitely generated R-module such that
SuppR(M/aM) * {m}. Then
f − depthR(a,M) = inf{i : Hia(M) is not Artinian}
= inf{i : Hi(K•(a,M)) is not Artinian}
= inf{i : ExtiR(R/a,M) is not Artinian}.
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Proof. Note that inf{i : Hia(M) is not Artinian} = inf{i : SuppR Hia(M) * {m}}, see
[Ma, Lemma 2.4]. Also we know that for any finitely generated R-module N, SuppR N ⊆
{m} if and only if N is an Artinian R-module. The desired result follows from Theorem
2.8. 
By [N, Definition 2.1], a sequence x := x1, · · · , xr of elements of a is a generalized regu-
lar sequence of M, if xi /∈ p for all p ∈ AssR(M/(x1, · · · , xi−1)M) satisfying dim(R/p) >
1. She called, the length of a maximal generalized regular sequence of M in a, gener-
alized depth of M in a and denoted it by g− depthR(a,M), see [N, Definition 4.2]. Set
X1 := {p ∈ SpecR : dim(R/p) ≤ 1} andM1 := ⊕p∈X1 R/p. Consider the T := T (M1) =
{N ∈ R-Mod| SuppR N ⊆ SuppR M1} = {N ∈ R-Mod|dimN ≤ 1}. It is easy to see that
x is a generalized regular sequence of M if and only if x is an M-sequence with respect to
T . In the local case, the first and the second equality in the following corollary is in [N,
Proposition 4.4] and [N, Proposition 4.5].
Corollary 2.12. Let M be a finitely generated R-module such that dim(M/aM) ≥ 2. Then
g− depthR(a,M) = inf{i : dimHia(M) > 1}
= inf{i : dimExtiR(R/a,M) > 1}
= inf{i : dimHi(K•(a,M)) > 1}.
Let j be an integer such that 0 ≤ j < dimR and set Xj = {p ∈ SpecR : dim(R/p) ≤ j}.
Consider the R-module Mj :=
⊕
p∈Xj R/p and set
Tj := T (Mj) = {N ∈ R-Mod| SuppR N ⊆ SuppR Mj} = {N ∈ R-Mod|dimN ≤ j}.
In the local case, the first equality in the following corollary was first appeared in [Q,
Page 9] and [BN, Lemma 2.4]. The second equality is in [CHK, Lemma 2.3].
Corollary 2.13. Let M be a finitely generated R-module such that dim(M/aM) ≥ j+ 1. Then
Tj − depthR(a,M) = inf{i : dimHia(M) > j}
= inf{i : dimExtiR(R/a,M) > j}
= inf{i : dimHi(K(a,M)) > j}.
Let b be an ideal of R. Recall from [A, Definition 1.3] that a sequence a1, · · · , ar is a b-
filter regular M-sequence if xi /∈ p for all p ∈ AssR M/(x1, · · · , xi−1)M \ V(b). Consider
the torsion theory Tb := T (R/b) = {N ∈ R-Mod| SuppR N ⊆ SuppR(R/b)}. It is easy
to see that x is b-filter regular M-sequence if and only if x is M-sequence with respect to
Tb. The first equality in the following corollary was first appeared in [A, Theorem 1.7].
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Corollary 2.14. Let M be a finitely generated R-module such that SuppR(M/aM) * V(b).
Then
Tb− grade(a,M) = inf{i : ExtiR(R/a,M) /∈ Tb}
= inf{i : Hi(K•(a,M)) /∈ Tb}
= inf{i : Hia(M) /∈ Tb}.
3. COHEN-MACAULAYNESS WITH RESPECT TO SERRE CLASSES
In this section we introduce the concept of S-Cohen-Macaulay modules. First of all,
consider the following definition.
Definition 3.1. Let M be an R-module and a an ideal of R. The height of a on M and the
Krull dimension of M with respect to S are defined as follows:
(i) S − htM(a) := inf{htM(q)|q ∈ S − SuppR(M) ∩V(a)},
(ii) S − dim(M) = sup{htM(q)|q ∈ S − SuppR(M)}.
In the following lemma we investigate the relation between S − E. gradeR(a,M) and
S − htM(a).
Lemma 3.2. Let M be a finitely generated R-module and a an ideal of R. Then S −E. gradeR(a,M) ≤
S − htM(a).
Proof. The result follows from the following inequality and equalities.
S − E. gradeR(a,M) = inf{E. gradeRp(aRp,Mp)|p ∈ S − SuppR(M)}
= inf{E. gradeRp(aRp,Mp)|p ∈ S − SuppR(M/aM)}
≤ inf{htMp(aRp)|p ∈ S − SuppR(M/aM)}
= inf{htMp(pRp)|p ∈ S − SuppR(M/aM)}
= S − htM(a),
where the first equality follows from the Proposition 2.7. 
For a subset X of SpecR, we denote the set of minimal members of X with respect to
inclusion, by min(X). We say that an ideal a of R is unmixed on M with respect to S , if
S −AssR(M/aM) = {p ∈ min(SuppR(M/aM)) : R/p /∈ S}.
Proposition 3.3. Let M be a finitely generated R-module. Then the following are equivalent:
(i) S − E. gradeR(a,M) = S − htM(a) for all ideal a of R.
(ii) S − E. gradeR(p,M) = S − htM(p) = htM(p) for all p ∈ S − SuppR(M).
(iii) For any p ∈ S − SuppR(M), Mp is Cohen-Macaulay.
(iv) Any ideal a which generated by htM(a) elements is unmixed on M with respect to S .
Proof. (i) ⇒ (ii) Note that S − htM(p) = htM(p) for each p ∈ S − SuppR(M). So this
implication is clear.
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(ii) ⇒ (iii) Let p ∈ S − SuppR(M). Then the claim follows from the following in-
equalities:
S − E. gradeR(p,M) ≤ E− gradeRp(pRp,Mp)
≤ htMp(pRp)
= S − htM(p)
= S − E. gradeR(p,M),
where the first inequality follows from the Proposition 2.7.
(iii) ⇒ (iv) Let a be an ideal, which can be generated by htM(a) elements, {a1, · · · , an}.
Let p ∈ S −AssR(M/aM). Then Mp is Cohen-Macaulay and htMp(aRp) = n. Therefore
the elements a1/1, . . . , an/1 of the local ring Rp form an Mp-sequence. So Mp/aMp is
Cohen-Macaulay. Since pRp ∈ AssRp(Mp/aMp), we get that p ∈ min(SuppR(M/aM)).
(iv) ⇒ (iii) Let p ∈ S − SuppR(M) be such that htM(p) = n. From this one can find
the elements x1, · · · , xn of the ideal p such that htM(x1, · · · , xi) = i for all 1 ≤ i ≤ n.
By our assumption, xi /∈ ⋃q∈S−AssR M(x1,··· ,xi−1)M q, for all 1 ≤ i ≤ n. In view of Lemma
2.3, the elements x1/1, . . . , xn/1 of the local ring Rp become an Mp-sequence. Therefore
depthRp(Mp) ≥ dimMp, which is we want.
(iii) ⇒ (i) If S − SuppR(M) = ∅, we have nothing to prove. So we can assume that
S − SuppR(M) 6= ∅. The proof in this case follows from the proof of Lemma 3.2. 
Definition 3.4. Let (R,m) be a local ring and M a finitely generated R-module. Then M
is called an S-Cohen-Macaulay R-module if any system of parameters of M form a weak
M-sequence with respect to S . The ring R is called S-Cohen-Macaulay if R is S-Cohen-
Macaulay over itself.
In the sequel, we need the following theorem, which provides some equivalent condi-
tions to Definition 3.4.
Theorem 3.5. Let (R,m) be a local ring and M a finitely generated R-module. Then the following
are equivalent:
(i) M is an S-Cohen-Macaulay R-module.
(ii) For any p ∈ S − SuppR(M), Mp is Cohen-Macaulay and htM(p) + dim(R/p) =
dimM.
(iii) For any p ∈ S − SuppR(M), E. gradeS (p,M) = S −htM(p) = htM(p) and htM(p)+
dim(R/p) = dimM.
(iv) depthRp(Mp) = dimM− dim(R/p), for any p ∈ S − SuppR(M).
(v) If x1, · · · , xd is a system of parameters for M, then dim(R/p) = dimM − i for all
p ∈ S −AssR(M/(x1, · · · , xi)M) and all 0 ≤ i ≤ d := dimM.
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(vi) ht(p/q) + htM(q) = htM(p) for all q ⊆ p of S − SuppR(M) ∪ {m}, Mp is Cohen
Macaulay for all p ∈ S − SuppR(M) and dim(R/p) = dimM for all p ∈ min(S −
SuppR(M)).
Proof. (ii) ⇔ (iv) is easy and (ii) ⇔ (iii) follows from Proposition 3.3.
(i) ⇒ (iii) Let p ∈ S − SuppR(M) and suppose that dim(R/p) = dimM − i. Then
there exists a subset of system of parameters x1, · · · , xi for M that belongs to p. In view
of our assumption, the sequence x1, · · · , xi is a weak M-sequence with respect to S . So
by Lemma 3.2 and Theorem 2.8(ii),
S − E. gradeR(p,M) ≤ htM(p) ≤ i ≤ S − E. gradeR(p,M).
Therefore S − E. gradeR(p,M) = htM(p) = i.
(iii) ⇒ (v) Firstwe claim that if x := x1, · · · , xℓ is a subset of a systemof parameters for
M, then x form a weak M-sequence with respect to S . We prove this claim by induction
on ℓ. For the case ℓ = 0, we have nothing to prove. Now suppose inductively, ℓ > 0 and
the result has been proved for all subset of system of parameters of length less than ℓ.
Then, by the inductive hypothesis x1, · · · , xℓ−1 is a weak M-sequence with respect to S .
Let p ∈ S −AssR(M/(x1, · · · , xℓ−1)M). In view of Lemma 2.3, we have that x1, · · · , xℓ−1
is a maximal weak M-sequence with respect to S in p. By the assumption and Theorem
2.8(i), we have dim(R/p) = dimM− ℓ+ 1. Since x is a subset of a system of parameters
for M, one can deduce that xℓ /∈ p. Now the implication (i) ⇒ (ii) of Lemma 2.3 shows
that x is a weak M-sequence with respect to S , as desired claim.
Let x := x1, · · · , xi be a subset of a system of parameters for M and let p ∈ S −
AssR(
M
(x1,··· ,xi)M ). So x1, · · · , xi is a maximal weak M-sequence with respect to S in p and
consequently i = S − E. gradeR(p,M). Now the assertion becomes clear.
(v) ⇒ (i) Let x := x1, · · · , xd be a system of parameters for M. In view of our as-
sumption, we have that xi /∈ ⋃p∈S−AssR M/(x1,··· ,xi−1)M p for all i = 1, · · · , d. Therefore this
implication follows from Lemma 2.3 and Definition 3.4.
(ii) ⇒ (vi) Assume that p ∈ min(S − SuppR(M)). Let q ∈ SuppM be such that q ⊆ p.
The epimorphism R/q −→ R/p shows that R/q /∈ S and consequently p = q. Hence
htM(p) = 0. Therefore, by assumption we get that dimR/p = dimM.
Let p, q ∈ S − SuppR(M) ∪ {m} be such that q ⊆ p. In order to show that htM(p) =
ht(p/q) + htM(q), we can assume that p 6= q. To do this, first we assume that p 6= m. So
p ∈ S − SuppR(M). Since Mp is Cohen-Macaulay, we have:
htM(p) = dim(Mp) = dim(Rp/qRp) + htMp(qRp) = ht(p/q) + htM(q).
Now, we consider the case p = m. Note that p 6= q. Therefore q ∈ S − SuppR(M). So
htM(q) + ht(m/q) = dim(Mq) + dim(R/q) = dimM = htM(m).
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It remains to show the implication (vi) ⇒ (ii). This is clear. 
For an R-module L, we denote {p ∈ S − SuppR L|dim L = dim(R/p)} by S −AsshR L.
Now, we are ready to present some of the basic properties of S-Cohen-Macaulay mod-
ules.
Proposition 3.6. Let (R,m) be a local ring, M a finitely generated S-Cohen-Macaulay and x
a weak M-sequence in m with respect to S . If S − AsshR(M/xM) 6= ∅, then M/xM is an
S-Cohen-Macaulay R-module.
Proof. First, we show that dim(M/xM) = dimM − 1. It is known that dimM ≤
dim(M/xM) + 1. Let q ∈ S −AsshR(M/xM). Then by Theorem 2.8(i), Lemma 3.2 and
Theorem 3.5(ii) we have:
1 ≤ S − E. gradeR(q,M)
≤ S − htM(q)
= htM(q)
= dimM− dim(R/q)
= dimM− dim(M/xM) ≤ 1,
which implies that dim(M/xM) = dimM− 1.
Let p ∈ S − SuppR(M/xM). So x ∈ p and p ∈ S − SuppR(M). By Theorem 3.5(ii) Mp
is Cohen-Macaulay and htM(p) + dim(R/p) = dimM. Also by Lemma 2.3 the element
x/1 of the local ring Rp becomes an Mp-sequence. This implies that Mp/xMp is Cohen-
Macaulay and ht M
xM
(p) = htM(p) − 1. Therefore ht M
xM
(p) + dim(R/p) = dim(M/xM).
Again by Theorem 3.5(ii), M/xM is S-Cohen-Macaulay. 
Corollary 3.7. Let (R,m) be a local ring, x a weak M-sequence in m with respect to S and M a
finitely generated R-module. Then the following hold:
(i) If MxM is equidimensional and M is S-Cohen-Macaulay, then MxM is S-Cohen-Macaulay.
(ii) If M is an f-module (generalized f-module), then MxM is an f-module(generalized f-module).
Proof. (i) Without loss of generality, we can assume that M/xM /∈ S . It follows
from Lemma 2.1 that there exists q ∈ S − SuppR(M/xM). Let p ⊆ q such that p ∈
min(SuppR(M/xM)). The natural epimorphism R/p −→ R/q shows that R/p /∈ S . On
the other hand MxM is an equidimensional R-module. Therefore S −AsshR(M/xM) 6= ∅.
(ii) Set S := {N ∈ R-Mod| SuppR N ⊆ {m}} (S := {N ∈ R-Mod|dimN ≤
1}). Then the notions of S-Cohen-Macaulay and f-module (generalized f-module)
are equivalent. Now, we prove the claim. We can assume that M/xM /∈ S . Let
p ∈ AsshR(M/xM). Therefore dimR/p > 0 (dim R/p > 1). Thus in both cases we
have S −AsshR(M/xM) 6= ∅. 
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Remark 3.8. Let (R,m) be a local ring and M a finitely generated R-module. Assume that
x is an M-regular element. This is well known that M is Cohen-Macaulay if and only if
M/xM is Cohen-Macaulay. Having this fact and Corollary 3.7 in mind, one might ask
whether the converse of Corollary 3.7(i) is true. This is not necessary true. To see this,
consider the following example. Let (R,m) be a 2-dimensional local domain such that its
completion R̂ has an associated prime p with dim R̂/p = 1. Such rings constructed by
Nagata [Na, page 203, Example 2]. Theorem 3.5(iv) implies that R̂ is not an f-module.
Since depth R̂ = depthR > 0, there exists an element x ∈ R̂, which is R̂-regular. So
dim R̂/xR̂ = 1. On the other hand, any 1-dimensional local ring is an f-module. There-
fore R̂/xR̂ is an f-module.
Let f : R −→ A be a flat homomorphism of rings and S a Serre class of A-modules.
Set S c = {M ∈ R-Mod|M ⊗R A ∈ S}. It is routine to show that S c is a Serre class of
R-modules.
Theorem 3.9. Let f : (R,m) −→ (A, n) be a flat local homomorphism of Noeherian local rings.
Let S be a Serre class of A-modules and M a finitely generated R-module. Then M ⊗R A is
S-Cohen-Macaulay if and only if the following three conditions are satisfied:
(i) M is S c-Cohen-Macaulay.
(ii)
Aq
f−1(q)Aq
is Cohen-Macaulay, for all q ∈ S − SuppA(M⊗R A).
(iii) ht( q
f−1(q)A ) + dim(
A
q
) = dim( A
f−1(q)A ), for all q ∈ S − SuppA(M⊗R A).
Proof. We first bring the following easy results (a) and (b).
(a) Let p ∈ S c − SuppR(M). The condition R/p /∈ S c implies that A/pA /∈ S . In view
of Lemma 2.1, one can find q′ ∈ S − SuppA(A/pA). Let q be a minimal prime ideal of
pA such that q ⊆ q′. Hence p = f−1(q). Also the natural epimorphism A/q −→ A/q′
shows that A/q /∈ S . Therefore q ∈ S − SuppA(M⊗R A).
(b) Let the situation and notation be as in (a). Then we have
htM(p) + dim(R/p) = dim(Aq/pAq) + dimMp + dim(R/p)
= dim(Mp ⊗Rp Aq) + dim(R/p)
= htM⊗RA(q) + dim(R/p)
= htM⊗RA(q) + dim(A/pA)− dim(A/mA)
≥ htM⊗RA(q) + dim(A/q)− dim(A/mA),
where the second equality follows from [BH, Theorem A.11(ii)], for the natural flat ho-
momorphism Rp −→ Aq, and the forth equality follows from [BH, Theorem A.11(i)], for
the natural flat homomorphism R/p −→ A/pA.
Now, we are ready to prove our claims.
Assume that M⊗R A is S-Cohen-Macaulay. Let p ∈ S c− SuppR(M). Then by (a) there
exists q ∈ S − SuppA(M ⊗R A) such that p = f−1(q) and q is a minimal prime ideal of
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pA. By our assumption and Theorem 3.5 (M ⊗R A)q ∼= Mp ⊗Rp Aq is Cohen-Macaulay.
So Mp and Aq/pAq are Cohen Macaulay.
On the other hand from (b) and Theorem 3.5(ii) we have
htM(p) + dim(R/p) ≥ htM⊗RA(q) + dim(A/q)− dim(A/mA)
= dim(M⊗R A)− dim(A/mA)
= dimM.
Consequently htM(p) + dim(R/p) = dimM. Again by Theorem 3.5(ii), M becomes S c-
Cohen-Macaulay. This completes the proof of (i).
With the notation as (ii), the desired result of (ii) follows from the Cohen-Macaulayness
of (M⊗R A)q ∼= M f−1(q) ⊗Rp Aq.
In order to prove (iii) first we claim that:
(c) Let p ∈ S c − SuppR(M). If Q is a minimal prime ideal of pA and A/Q /∈ S , then
dim(A/Q) = dim(A/pA).
To establish the claim, consider the following:
dim(A/pA) ≥ dim(A/Q)
= htM⊗RA(n)− htM⊗RA(Q)
= htM⊗RA(n)− htM(p)
= dimM+ dim(A/mA)− htM(p)
= dim(R/p) + dim(A/mA)
= dim(A/pA),
where the first equality follows from Theorem 3.5(ii) and the second equality follows
from [BH, Theorem A.11(ii)], for the natural flat homomorphism Rp −→ AQ. Note that
we have Q ∈ S − SuppA(M⊗R A) and Q ∩ R = p.
Let q ∈ S − SuppA(M⊗R A) and p = f−1(q). Then A/pA /∈ S . So by (a) we can find
q1 ∈ S − SuppA(M⊗R A) such that q1 is a minimal prime ideal of pA and q1 ⊆ q. Keep
in mind that M⊗R A is S-Cohen-Macaulay. Hence Theorem 3.5(vi) implies that
dim(A/q) + ht(q/pA) ≥ ht(n/q) + ht(q/q1)
= htM⊗RA(n)− htM⊗RA(q) + htM⊗RA(q)− htM⊗RA(q1)
= ht(n/q1)
= dim(A/q1)
= dim(A/pA),
where the last equality follows from (c). Consequently ht(q/pA)+dim(A/q) = dim(A/pA).
This completes the proof of (iii).
Conversely, assume that the conditions (i), (ii) and (iii) hold. In order to show that
M⊗R A is S-Cohen-Macaulay, in view of Theorem 3.5(ii), we need to prove the following
claims:
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(d) (M⊗R A)q is Cohen-Macaulay, for all q ∈ S − SuppA(M⊗R A).
(e) htM⊗RA(q) + dim(A/q) = dim(M⊗R A), for all q ∈ S − SuppA(M⊗R A).
The claim (d) follows immediately from (i) and (ii). Now, we shall achieve (e). Let
q ∈ S − SuppA(M⊗R A). Set p := f−1(q). Then we have
dim(A/q) + htM⊗RA(q) = dim(A/q) + htM(p) + ht(q/pA)
= dim(A/q) + dimM− dim(R/p) + ht(q/pA)
= dim(A/q) + dim(M⊗R A)− dim(A/mA)− dim(R/p) + ht(q/pA)
= dim(A/q) + dim(M⊗R A)− dim(A/pA) + ht(q/pA)
= dim(M⊗R A),
where the last equality follows from (iii). 
For the ring extension (R,m) −→ (R̂,mR̂), Theorem 3.9 becomes much simpler:
Proposition 3.10. Let (R,m) be a local ring and M a finitely generated R-module. If S is a Serre
class of R̂-modules and M⊗R R̂ is S-Cohen-Macaulay, then M is S c-Cohen Macaulay.
Proof. Let x := x1, · · · , xℓ be a system of parameters forM. So x is a system of parame-
ters forM⊗R R̂. Therefore, ((x1, . . . , xi−1)M⊗R R̂ :M⊗RR̂ xi)/(x1, . . . , xi−1)(M⊗R R̂) ∈ S .
The isomorphism
((x1, . . . , xi−1)M⊗R R̂ :M⊗RR̂ xi)
(x1, . . . , xi−1)(M⊗R R̂)
∼= ((x1, . . . , xi−1)M :M xi)
(x1, . . . , xi−1)M
⊗R R̂
completes the proof. 
Let (R,m) be a local ring and M a d-dimensional finitely generated R-module. If d = 0
or M = 0, we set a(M) = R. In the other case, we set a(M) := a0(M). · · · .ad−1(M),
where ai(M) = AnnR(H
i
m(M)) for all i = 0, · · · , d− 1.
Theorem 3.11. Let (R,m) be a local ring and M a d-dimensional finitely generated R-module.
Consider the following conditions:
(i) R/a(M) ∈ S .
(ii) M is an S-Cohen-Macaulay R-module.
Always (i) implies (ii) and if R is a quotient of a Gorenstein local ring, then (ii) implies (i).
Proof. In the cases dimM = 0 and M = 0, the desired claims are trivial. Therefore
without loss of generality we can assume that dimM > 0.
(i) ⇒ (ii) Let x := x1, · · · , xd be a system of parameters for M. Set I := xR and
consider
τx(M) :=
⋂
AnnR(
((xt1, . . . , x
t
i−1)M :M x
t
i )
(xt1, . . . , x
t
i−1)M
),
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where the intersection is taken over all t ∈ N and 1 ≤ i ≤ d. We denote AnnR(HiI(M))
by aiI(M). By [Sch, Theorem 3(a)], we have a
0
I (M). · · · .ad−1I (M) ⊆ τx(M). Note that√
I +AnnR M = m, since x is a system of parameters for M. The independence the-
orem for local cohomology modules implies that Him(M)
∼= HiI(M) and consequently
aiI(M) = ai(M). Therefore a(M) ⊆ AnnR( ((x1,...,xi−1)M:Mxi)(x1,...,xi−1)M ) for all 1 ≤ i ≤ d. The con-
dition R/a(M) ∈ S implies that R/AnnR( ((x1,...,xi−1)M:Mxi)(x1,...,xi−1)M ) ∈ S for all 1 ≤ i ≤ d. On
the other hand the R-modules R/AnnR(
((x1,...,xi−1)M:Mxi)
(x1,...,xi−1)M
) and ((x1,...,xi−1)M:Mxi)(x1,...,xi−1)M have same
supports for all 1 ≤ i ≤ d. Therefore, it is enough to apply Lemma 2.1 to obtain that x is
a weak M-sequence with respect to S .
(ii) ⇒ (i) Suppose the contrary that, R/a(M) /∈ S . In view of Lemma 2.1 we can
find p ∈ V(a(M)) such that R/p /∈ S . Next we show that depthRp(Mp) + dim(R/p) <
dim(M). So in view of Theorem 3.5(ii), we get a contradiction.
Now, we do this. We have p ∈ V(ai(M)), for some i < dimM. Let (R′, n) be a
Gorenstein ring of dimension r′ for which there exists a surjective ring homomorphism
f : R′ −→ R. The local duality theorem [BS, Theorem 11.2.6] implies that
Him(M)
∼= HomR(Extr′−iR′ (M, R′), ER(R/m)),
where ER(R/m) is the injective envelope of R/m. Hence p ∈ SuppR(Extr
′−i
R′ (M, R
′)). Let
t := dimR/p and p′ := f−1(p). Now R′p′ is a Gorenstein local ring and t = dim(R
′/p′).
Since R′ is a Gorenstein ring, so dimR′p′ = dim R
′ − dim(R′/p′) = r′ − t.
Let f ′ : R′p′ −→ Rp be the surjective ring homomorphism, which induced by f . There is
an Rp-isomorphism, Ext
r−i
R′
p′
(Mp, R′p′) ∼= (Extr−iR′ (M, R′))p. Again the local duality theorem
implies that
Hi−tpRp(Mp)
∼= HomRp(Extr
′−i
R′
p′
(Mp, R
′
p′), ERp(Rp/pRp)),
as Rp-module. Therefore H
i−t
pRp
(Mp) 6= 0. Consequently
depthRp(Mp) ≤ i− t < dimM− t = dimM− dim(R/p). 
The following example shows that the assumption, R is a quotient of a Gorenstein local
ring, in Theorem 3.11 is needed.
Example 3.12. By [NM, Example 3.4], there exists a 3-dimensional local ring (R,m)
such that dim(R/a(R)) = 3. Denote the class of all finitely generated R-modules of
Krull dimension less than 2, by S . It is a Serre class of R-modules. The assumption
dim(R/a(R)) = 3 implies that R/a(R) /∈ S . Also, the example shows that R is a
generalized f-ring, i.e. S-Cohen-Macaulay.
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Denote by NCM(M) the non Cohen-Macaulay locus of M, i.e.
NCM(M) = {p ∈ SpecR|Mp is not Cohen-Macaulay}.
Assume that R is a quotient of a Cohen-Macaulay ring. It is well known that the non
Cohen-Macaulay locus of M is a closed subset of SpecRwith respect to the Zariski topol-
ogy i.e. NCM(M) = V(aM), for some ideal aM of R. Therefore such ideals are unique
up to radical.
Theorem 3.13. Let (R,m) be a local ring which is a quotient of a Cohen-Macaulay ring and M
a finitely generated R-module. Then the following are equivalent:
(i) M is an S-Cohen-Macaulay R-module.
(ii) R/aM ∈ S and dim(R/p) = dimM for all prime ideals p ∈ min(S − SuppR(M)).
Proof. (i) ⇒ (ii) In order to prove R/aM ∈ S , it is enough to show that R/p ∈ S for
all p ∈ V(aM). Let p ∈ V(aM). Since Mp is not Cohen-Macaulay, Theorem 3.5(ii) implies
that R/p ∈ S .
Let p ∈ min(S − SuppR(M)). Then by the implication (i) ⇒ (vi) of Theorem 3.5, we
have dim(R/p) = dimM.
(ii) ⇒ (i) Let p ∈ S − SuppR(M). In particular R/p /∈ S . In view of Lemma 2.1 and
R/aM ∈ S , we have p /∈ V(aM). So Mp is a Cohen-Macaulay Rp-module.
Set t := dim(R/p) and s := htM(p). Hence we have following saturated chains of
prime ideals
p = p0 ⊂ · · · ⊂ pt = m,
q = q0 ⊂ · · · ⊂ qs = p.
By concatenating these chains, we get the following saturated chain of prime ideals:
q = q0 ⊂ · · · ⊂ qs = p = p0 ⊂ · · · ⊂ pt = m.
The epimorphism R/q0 −→ R/p shows that R/q0 /∈ S and consequently q0 ∈ min(S −
SuppR(M)). So dim(R/q0) = dimM. On the other hand, R is a quotient of a Cohen-
Macaulay ring. This implies that Supp(R/q0) is catenary. Therefore
dimM = dim(R/q0) = s+ t = htM(p) + dim(R/p).
Consequently, Theorem 3.5(ii) implies that M is an S-Cohen-Macaulay R-module. 
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